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Abstract

Elastic resolution spectroscopy (ERS), a new application of the time-of-flight method, addresses the problem of

weak scattering signals. Since only the maximum of the spectrum at zero energy transfer needs to be determined with

sufficient statistical accuracy, significantly smaller samples, as compared to conventional spectroscopy, can be studied.

The peak intensity is recorded versus the reciprocal width of the instrumental resolution function by adjusting the speed

of the chopper system. This approach yields a close approximation to the intermediate scattering function in the time

domain. A neutron ERS analysis of molecular motions in alanine-dipeptide crystals and hydrated myoglobin is pre-

sented.

� 2003 Elsevier Science B.V. All rights reserved.
1. Introduction

One of the main limitations of neutron spec-

troscopy is the requirement of large samples. Be-

cause of the low luminosity of available neutron

sources and the small scattering cross-section of

neutrons, even of hydrogenated systems, long
beam times are necessary. For dynamic studies of

proteins, typically 200–400 mg of material have to

be exposed to the beam for 6 h to collect sufficient

neutrons in the wings of the spectrum [1,2]. This

restriction excludes most of the interesting systems

of molecular biology, where more than a few
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milligrams are rarely available. Furthermore, the

new prospects of labelling proteins, using partial

or full deuteration, will further reduce the cross-

section, implying that even more material is

needed. We have shown recently, that 23 mg of

protein can be sufficient to determine the maxi-

mum intensity of the spectrum and subsequently
its intermediate scattering function [3]. A second

class of applications concerns protein solutions,

where the polymer component can be discrimi-

nated from the intense coherent background of the

solvent because of a narrow elastic peak [4]. Often

in biological applications one is interested in ob-

serving small dynamic changes in response to some

external perturbation. Fig. 1 shows the neutron
scattering spectra of bacteriorhodopsin, a protein,

which forms a hexagonal lattice in purple
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Fig. 1. Bacteriorhodopsin at the melting transition of its hex-

agonal lattice measured with the TOF spectrometer V3 at the

HMI in Berlin [6]. Dashed line: resolution function (Vana-

dium).

488 W. Doster et al. / Chemical Physics 292 (2003) 487–494
membranes. The temperature sequence displays

the effect of melting of the lattice on protein-in-

ternal motions [5,6]. A decrease in elastic intensity

is clearly visible in the central region of the spec-

trum. The increase in translational degrees of

freedom leads to a lower elastic intensity. Ac-

cording to the sum rule, the ‘‘lost’’ intensity ap-

pears in the broad wings of the spectrum, which is,
however, difficult to detect. To discriminate the

different curves with sufficient statistical accuracy

from each other in the wings of the spectrum re-

quires much longer runtimes.

The same information can be obtained by re-

cording the maximum intensity at variable in-

strumental resolution. The main objective of

elastic resolution spectroscopy is to derive the
relevant dynamic information from the easy to

detect maximum of the spectrum without resorting

to the wings. The central idea is to introduce the

time axis via the energy resolution function of the

instrument.

If the primary spectrometer could select a sharp

wavelength, k0, an infinite plane neutron wave

without time limitation would result. Instead, a
narrow distribution of wavelengths of width Dk is

selected, which leads to a finite coherence length.

The finite length of the neutron wave packet,

which moves with average velocity v ¼ h=ðmNk0)

across the scattering centres, limits the scattering
time to t6 �h=DE0 ¼ mNk3
0=ðhDkÞ. ‘‘mN’’ is the

neutron mass and DE0 denotes the width of the

initial energy distribution. Choosing k0 ¼ 5:1 �AA
and Dk ¼ 0:1 �AA, yields a time window of 33 ps. By

varying k0 and Dk or E0 and DE (resolution), one is

scanning the time window of observation [3,7].
Technically this can be achieved with existing

TOF–TOF spectrometers, IN5 [8,9], MIBEMOL

[10], NEAT [11–13], built specifically with this

option. The change of the time window is obtained

by varying one or several of the following pa-

rameters, the incident neutron-wavelength, the

speed of the chopper system, the chopper-window

width, or one of the flight distances. It is shown
below that the maximum intensity, recorded as a

function of the reciprocal energy resolution, ap-

proximates the scattering function IðQ; tÞ in the

time domain. The elastic intensity and the inter-

mediate scattering function are related to the

probability that an average atom is residing for a

selected time interval t inside a space interval

x ¼ 2p=Q. ERS thus extends the well-known fixed-
window method, where dynamic information is

derived from ‘‘elastic scans’’ versus temperature at

fixed energy resolution [1,14,15].
2. Theoretical background

With inelastic neutron scattering one intends to
determine the dynamical structure factor SðQ;xÞ
or its Fourier-transform, the intermediate scatter-

ing function IðQ; tÞ [8]. Instead, the experimentally

accessible quantity is the scattering function

SRðQ;x;DxÞ, which is given by the convolution of

the dynamic structure factor SðQ;xÞ with the

resolution function of the instrument Rðx;DxÞ

SRðQ;x;DxÞ ¼
Z 1

�1
Rðx � x0;DxÞSðQ;x0Þdx0:

ð1Þ
The scattering function SRðQ;x;DxÞ can be in-

terpreted as the dynamic structure factor with re-

spect to a fixed observation time window

t ¼ 1=Dx, the reciprocal width of the energy res-

olution function. A related quantity is the peak

intensity at zero nominal energy transfer of Eq.
(1), which is given by



Fig. 2. The integral transforms of a Lorentzian, Sðx; s ¼ 1 psÞ,
using different kernels: (1) FT: cosðxtÞ: IðQ; tÞ; (2) Gaussian

Gðx;rÞ, Eq. (5); and (3) a combination of three shifted Gaus-

sians: Kðx; rÞ, Eq. (6).
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P ðQ; t ¼ 1=DxÞ / SRðQ;x ¼ 0;DxÞ

¼
Z 1

�1
Rðx0;DxÞSðQ;x0Þdx0:

ð2Þ
The goal is to derive, based on Eq. (2), an ap-

proximation to the intermediate scattering func-

tion IðQ; tÞ, the Fourier transform of SðQ;xÞ

IðQ; tÞ ¼
Z 1

�1
cosðx0tÞSðQ;x0Þdx0: ð3Þ

Note that Eq. (2) has the structure of a frequency-

time transform like Eq. (3), provided that we set
t ¼ 1=Dx. An exact identity obtains if Rðx; tÞ is

replaced by the kernel of the Fourier integral

‘‘cosðxtÞ’’. This situation is approximately realised

within the framework of spin-echo spectroscopy

(NSE) [16]. The configuration of the spectrometer

is such, that an effective inverse resolution is de-

fined, the so-called spin-echo time sSE. The equiv-

alent quantity to the elastic intensity is the residual
polarisation, PkðQ; sSEÞ, which is measured as a

function of the resolution parameter. The preces-

sion of the neutron spins in the magnetic field

serves as a clock to determine the flight time of the

neutrons. Changing the strength of the magnetic

field modifies the precession frequency and thus

with sSEðHÞ the sensitivity of the configuration to

small velocity differences induced in the sample.
In contrast to NSE, the resolution function of a

TOF spectrometer exhibits approximately a

Gaussian line-shape, because of the convolution of

several triangular width functions of the individual

choppers and path length variations with statistical

distribution. The Gaussian shape is a good ap-

proximation for both, the time and energy domain

of the spectrum, provided that the resolution func-
tion is reasonably narrow. Assuming a Gaussian

line-shape Gðx; rÞ ¼ expð�x2=2r2Þ, we write in-

stead of Eq. (3)

PrðQÞ ¼
Z 1

�1
exp

�
� x2

2r2

�
SðQ;xÞdx; ð4Þ

which is the Gauss (–Laplace) transform of the

dynamical structure factor. r denotes the standard

deviation. For the generic case of a Lorentzian

spectrum, SðQ;x; sÞ ¼ ð1=pÞs=ð1þ x2s2Þ which
corresponds to an exponential correlation function

with correlation time s, a closed form is obtained

PrðQ; sÞ ¼ f ðQÞerfc 1ffiffiffi
2

p
rs

� �
exp

1

2r2s2

� �
; ð5Þ

where f ðQÞ schematically accounts for the depen-

dence of the spectrum on Q. Eq. (5) enables one to
extract the relevant dynamical information from

the ERS data as discussed in [3]. erfcðxÞ is the

complementary error function. Since erfcðxÞ �
expðx2Þ � expð�xÞ for x  1, an exact short time

expansion of the FT of SðQ;x; sÞ is obtained, if we
choose: t ¼ 1=ð

ffiffiffi
2

p
� rÞ.

For practical purposes we introduce the

FWHM in energy space: DEG ¼ 2�hr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2 ln 2Þ

p
.

The time scale in terms of the FWHM (meV) in

picoseconds is then given by: t ¼ 1:09=DEG (meV)

ps. Fig. 2 compares the exact IðQ; tÞ, an expo-

nential correlation function, full line, with the ERS

result of Eq. (5) (dashed-dotted).

The ERS approximation to the Fourier trans-
form of SðQ;xÞ is excellent only at short times.

The long time tail of the ERS-function (Eq. (5)) is

related to contribution at x ¼ 0 of the fully re-

solved Lorentzian spectrum for small r or large t.

One obtains an algebraic decay of Prðt ! 1Þ ¼ffiffiffiffiffiffiffiffi
2=p

p
� s=t, while the correlation function IðtÞ is

vanishing exponentially [3].
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3. Results

3.1. A Fourier-like ERS kernel

The Gauss–Laplace transform of the dynamical
structure factor contains the same amount of in-

formation as its Fourier transform. Only Eq. (5)

replaces the exponential time decay. A sum of such

expressions is required to describemulti-component

systems [3]. Since, however, Fourier transforms are

so well established, we look for an improved ERS

approximation to the intermediate scattering func-

tion IðQ; tÞ. For this purpose the Gauss kernel
Gðx; rÞ is replaced by a symmetric combination of

three frequency-shifted Gauss functions Kðx; rÞ

Kðx; rÞ ¼ Gðx; rÞ � 1

2
Gðx � pr; rÞ

� 1

2
Gðx þ pr; rÞ: ð6Þ

This kernel is compared in Fig. 3 with the Fourier

kernel. The resulting elastic intensity function

PrðQ; tÞ, displayed in Fig. 2, improves the ap-

proximation to the true intermediate scattering

function in particular at long times as compared to

a Gauss kernel. For this correction one subtracts
from the experimental peak intensity at x ¼ 0; 1=2
of the ‘‘inelastic’’ intensities at x � �pr.

3.2. Experimental considerations

For practical applications of ERS, the peak

intensities PrðQÞ covering a wide range of instru-
Fig. 3. FT kernel cosðx=rÞ in comparison with Kð�hr ¼ 1 meVÞ
of Eq. (6).
mental resolutions r have to be determined. Ex-

isting time-of-flight (TOF–TOF) spectrometers,

for instance NEAT, allow the scanning of the

chopper speed from 1000 to 20,000 rpm. The

width of the energy resolution is roughly propor-

tional to reciprocal chopper speed. A wider range
is achieved by varying in addition the incoming

wavelength k0 since approximately: DE / 1=k3
0. A

time window ranging from 0.5 ps up to almost

nanoseconds is feasible. An example is discussed

below. In continuous beam TOF–TOF spectrom-

eters (IN5, NEAT, MIBEMOL) both, the wave-

length selection and the choice of the energy

resolution are achieved by chopper systems. It is
thus easy to implement the ERS technique as a

standard user. The TOF spectrometer basically

registers the detected neutrons in a set of channels

n, equally spaced in time with intervals Dt, versus
their respective time of flight tf ¼ n � Dt. The elastic
flight time is t0. With proper normalisation to the

incident flux, the area and the sensitivity of the

detectors, the number of neutrons registered at
the maximum intensity is given by

P ðQ; t0Þ ¼ Dt
Z

dtf R0ðtf ; t0Þ
o2rðX; tfÞ
oXotf

: ð7Þ

The peak function PðQ; t0Þ is the main object of an

ERS measurement. R0ðtf ; t0Þ denotes the norma-
lised instrumental resolution function at the elastic

flight time t0.
The double differential cross-section is related

to the dynamical structure factor SðQ;xÞ via a

time-frequency transformation [21]:

o2r
oXot

¼ dx
dtf

����
����N kðtfÞ

k0
SðQðtfÞ;xðtfÞÞ; ð8Þ

where N represents the total scattering power of

the sample. k0 and kðtfÞ are the incident and the
final wavevectors, respectively. Since their magni-

tude does not change at the elastic peak and since

the width of Rðt0Þ is usually small compared to t0,
we can write: kðtfÞ � kðt0Þ � k0 and QðtfÞ ¼ Qelas

¼ Q. We thus approximate Eq. (7) by

P ðQ; t0Þ ¼ NDt
Z

dxR0ðt0; tfðxÞÞSðQ;xÞ: ð9Þ

Assuming a Gaussian resolution function appro-

priate for TOF spectrometers
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RrðxÞ ¼ 1ffiffiffiffiffiffi
2p

p
r
exp

�
� x2

2r2

�
; ð10Þ

we obtain the at t ¼ 0 normalised peak function

PrðQ; tÞ ¼
P Q; rð Þ

ffiffiffiffiffiffi
2p

p
r

DtN
; ð11Þ

which is the relevant quantity to be compared with

the intermediate scattering function in Fig. 2.

Fig. 4 shows such a normalised Voigtian spec-

trum: a Lorentzian spectrum of width C ¼ 0:2
meV has been convoluted with a Gaussian reso-

lution function of variable width r.
The r-weighted peak intensity decreases with

increasing resolution (decreasing r), since the Lo-

renzian spectrum (dashed) becomes resolved. The

smallest peak (�hr ¼ 0:05 meV) in Fig. 4 exhibits a

limiting Lorentzian shape, the spectrum is fully

resolved. The corresponding r-weighted peak in-

tensity Pr is given by Eq. (5) in the long time limit

/ s=t.

3.3. Frequency and time domain TOF of alanine-

dipeptide

To test the technical feasibility of ERS, we

compare the time domain with the conventional

frequency domain approach. For this purpose we

investigated the molecular dynamics of 290 mg of
Fig. 4. Voigtian spectra, a Lorentzian function (dashed) of width

C ¼ 0:2 meV convoluted with a Gaussian resolution function of

variable width. The r-weighted peak intensity of this spectrum

yields PrðtÞ: S 0
Rðx ¼ 0; s;rÞ ¼

ffiffiffiffiffiffiffiffiffi
ð2pÞ

p
rSRðx ¼ 0;rÞ ¼ PrðtÞ (Eq.

(2)).
alanine-dipeptide crystals (N-methyl-LL-alanyl-N-

methylamide: CH3–CONH–CaHðCbH3Þ–CONH–

CH3).

This molecule is one of the simplest model pep-

tides containing the basic fragments, necessary for a

detailed understanding of the inter-atomic interac-
tions present in proteins.We have characterised this

system previously using conventional TOF neutron

spectroscopy and MD simulation [17]. The N- and

C-terminal methyl groups have low rotational bar-

riers (3 kJ/mol) and perform diffusive motions on a

picosecond time scale. The barrier for the side-chain

methyl group is about 10.5 kJ/mol, leading to ro-

tational jumps at 300 K. The respect rotational
correlation functions should decay within 3 ps. Fig.

5 shows the ERS intermediate scattering function

determined with the NEAT time-of-flight spec-

trometer at theHahn-Meitner Institut inBerlin. The

chopper speed was varied between 1000 and 10,000

rpm at three wavelengths: 5, 8 and 10�AA. The data at

Q ¼ 2:3 �AA
�1

were obtained using neutrons with an

incident wavelength of 5 �AA and by changing the
chopper speed from 1000, 2000, 5000 to 10,000 rpm.

Up to 20,000 rpm is possible. Runtimes were chosen

such that about 2000 counts in the elastic peak per

grouped spectrum were collected. Depending on
Fig. 5. ERS intermediate scattering function of alanine-dipep-

tide crystals at 300 K. The dashed lines represent the combined

rotational correlation function of the three methyl groups. The

full line includes an additional structural process with a corre-

lation time of 20ð�3Þ ps. The arrow indicates the time corre-

sponding to the energy resolution of the spectrum shown in Fig.

6. NEAT spectrometer at BENSC.



Fig. 6. Scattering function of alanine-dipeptide atQ ¼ 1:35 �AA
�1

(dots) takenat k ¼ 8�AAand5000 rpm (NEAT):DEG ¼ 0:047meV

or 23 ps. The full line represents a fit to three spectral components

observed in Fig. 5. The narrow Gaussian spectrum represents

the ERS-fit to obtain the peak intensity. The broad spectrum

(dashed) corresponds to the rotational motion of the methyl

groups.

Fig. 7. ERS intermediate scattering function of 23 mg D2O-

hydrated myoglobin powder, full circles (IN5), and a two

component fit (solid line). Open symbols: 300 mg of dry and

hydrated myoglobin: Fourier-deconvoluted spectra of IN10

and IN6 (ILL Grenoble) at 300 K [3,18–20].
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chopper speed and wavelength, runtimes between

20 min and several hours were necessary. Channels

containing extra intensity due to Bragg peaks of the

crystal were excluded. Normalisation at short times

was achieved using the count rates (corrected for

detector efficiency) at low Q ¼ 0:2 �AA
�1
. This ap-

proximation is consistent with the scattering law of

the dipeptide, shown as dashed lines in Fig. 5.

Measurements at lower wavelength (3.5 �AA at 1000

rpm) would allow setting the initial time point to 0.3

ps. The ERS correlation function due to rotational

motions of the three methyl groups in alanine-di-

peptide decays rapidly at 300 K (Fig. 5), consistent

with the conventional analysis in the frequency
domain [17]. The ERS intermediate scattering

function follows initially the predicted behaviour of

rotational motions but decays further at long times.

A fit at Q ¼ 1:35 �AA
�1

yields the correlation

times, s1 ¼ 1:5 ð�0:5Þ ps for the rotational motion

and s2 ¼ 20 ð�2Þ ps, suggesting a new structural

process. Indications of the existence of a non-ro-

tational process in alanine-dipeptide crystals have
been obtained in our previous study. Its nature

could not be identified since our MD simulations

covered only 10 ps [17]. For direct comparison

with ERS, a TOF spectrum was collected for 2 h at

a particular chopper configuration of 5000 rpm

and k ¼ 8 �AA, corresponding to an observation time

of 23 ps.

Fig. 6 shows the resulting scattering function at
Q ¼ 1:35 �AA

�1
on a log-scale together with a three

component analysis: a Gaussian elastic spectrum

and two Lorentzian quasi-elastic spectra specified

by s1 ¼ 1:5 ps (dashed line), and s2 ¼ 21 ð�2Þ ps.
The fitted curve in Fig. 6 (full line) is thus com-

patible with the time domain analysis of Fig. 5.

As the second example we discuss an experi-

ment performed with a small sample, 23 mg of
hydrated myoglobin, at the TOF spectrometer IN5

(old) in Grenoble [3]. Also a conventional analysis

was performed with 300 mg of dry and hydrated

myoglobin combining data measured with two

different spectrometers: the time-of-flight spec-

trometer IN6 and of the back-scattering spec-

trometer IN10 at the ILL in Grenoble [18–20] (see

Fig. 7). The two data sets agree reasonably well
covering a time window of 1–450 ps. A two-ex-

ponential model including a long-time constant,
the elastic incoherent structure factor (EISF), is
the minimum requirement to fit the data. The fast

correlation time of s1 ¼ 9 ð�2Þ ps is related to

dihedral transitions of side-chains and the main

chain including the methyl group rotation [1]. The

second time constant s2 ¼ 150 ð�30Þ ps is much

longer and corresponds to liquid-like motions in-

volving the hydration shell. For the asymptotic
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value of PrðQ; t ! 1Þ, the EISF ðQ ¼ 0:6 �AA
�1
Þ,

we derive 0:33 ð�0:03Þ in the hydrated case which

involves some uncertainty due to the limited time

window. Alternatively a stretched exponential

provides a fit of similar quality. The decay of fast

correlations in the dry system coincides with the
hydrated case, but the slow component is missing

[20]. The plateau value provides an estimate of the

EISF(Q) of fast protein motions.
4. Conclusion

The ERS technique extends the potential of
TOF-neutron spectroscopy to dynamic studies of

weakly scattering samples. The effective transmis-

sion of the myoglobin sample was above 99%.

Multiple scattering will be negligible with such

samples. The dynamic information is obtained

directly in the time domain, which avoids the ne-

cessity of Fourier deconvolution. In contrast to the

conventional spin-echo technique there is no re-
striction concerning the nature of the scattering

process, coherent or incoherent. Scanning the

resolution within a wide range addresses the full

potential of TOF spectrometers. ERS can be per-

formed with existing spectrometers, no special

equipment is involved. However, with weakly

scattering samples more attention needs to be ad-

dressed to background scattering. Sample holders
consisting of thin aluminium foils (10 lm) instead

of the standard 0.2 mm aluminium cells should be

used. Beam time considerations depend very much

on the quality and quantity of the information

requested. To measure the broad line in Fig. 6

(dashed) with similar statistical error as the central

peak would involve factor of 100 in beam time at

this configuration. Most standard fitting programs
would treat the broad line as a disposable back-

ground (log scale!). With 300 mg of material one

would probably measure spectra at two or three

different instrumental resolutions, which would

require slightly less than the 12 h used for this test

ERS experiment. With 30 mg of material there

would be little choice because of the low signal to

noise in the wings of the spectra irrespective of the
runtime. In practice one should combine both

methods, since with ERS one is always collecting
also spectral information. A particular advantage

of the ERS method is that with most configura-

tions the frame-overlap chopper can be run at

ratio one, which increases the count-rate by a

factor of two [3]. The IN5 experiment required

about six days in beam time. This includes some
low temperature experiments at 150 K, where the

scattering is completely elastic, to check the nor-

malisation at short times. With the upgrade of

IN5, shorter exposure times are to be expected. In

addition a new TOF–TOF spectrometer with

similar properties is being installed at the new

neutron source FRM II in Munich extending the

ERS possibilities further.
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